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  N eNJ
(I, |=,≤)










































M(f) = {i ∈ I | i |= f}
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 Å    P À  m
cs⊥ =def def ⊥ ⇒ M(⊥) = ∅
Æ À  'Wm
⊥d =def undef
cs⊥d













































AS × AS → bool
¯
 Å    P À    
(f : AS, g : AS)

csv(f, g) =def f v g ⇒ M(f) ⊆ M(g)









(f : AS, g : AS)

cpv(f, g) =def M(f) ⊆ M(g) ⇒ f v g
cpv =def ∀f, g ∈ AS : cpv(f, g)















































































































(f : AS, g : AS)

def u(f, g) =def f u g 6= undef
def u =def ∀f, g ∈ AS : defu(f, g)





 Å    P À    
(f : AS, g : AS)

csu(f, g) =def def u(f, g) ⇒ M(f u g) ⊆ M(f) ∩M(g)
csu =def ∀f, g ∈ AS : csu(f, g)
 Å   ' À  À  
(f : AS, g : AS)

cpu(f, g) =def def u(f, g) ⇒ M(f u g) ⊇ M(f) ∩M(g)
cpu =def ∀f, g ∈ AS : cpu(f, g)
Æ À  'Wm




















































































h∈ftg M(h) ⊆ M(f) ∪M(g)













h∈ftg M(h) ⊇ M(f) ∪M(g)




f td g =def {f, g}
cstd ∧ cptd
  



























































































 Å    P À    
(f : AS, g : AS)

cs6(f, g) =def f 6 g ⇒ ∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j
cs6 =def ∀f, g ∈ AS : cs6(f, g)
 Å   ' À  À  
(f : AS, g : AS)

cp6(f, g) =def (∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j) ⇒ f 6 g
cp6 =def ∀f, g ∈ AS : cp6(f, g)
Æ À  'Wm
f 6d g =def false
cs6d
     



























































(f : AS, g : AS)

cs0(f, g) =def f 0 g ⇒ ∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j











(f : AS, g : AS)

cp0(f, g) =def (∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j) ⇒ f 0 g




f 0d g =def false
cs0d
    




































@S>>97 >    >G>G} D
X 
• AS∗ =def P(AS)

• ASK ∗ =def P(ASK )

• TELL∗ =def {F ∈ P({⊥} ∪ TELL ∪ ASK ) | F ∩ {⊥} ∪ TELL 6= ∅}





∃f ∈ F, g ∈ G : f v g
∃f ∈ F : f v ⊥





• closedu(F ) =def ∀f 6= f ′ ∈ F : f u f ′ = undef

• closedt(G) =def ∀g 6= g′ ∈ G : g t g′ ⊆ G

 ' '6Æ À Ov    Å /r À ÎÀ r À N
df =def TELL ⊆ ASK





st(f) =def M(f) 6= ∅
st =def ∀f ∈ AS : st(f)
st ′ =def ∀d ∈ TELL : st(d)





sg(f) =def |M(f)| = 1
sg =def ∀f ∈ AS : sg(f)







(F : AS∗, G : AS∗
G





g∈G M(g) ⇒ F v
∗ G)
reduced =def ∀F, G ∈ AS
∗ : reduced(F, G)
reduced ′ =def ∀F ∈ TELL
∗, G ∈ ASK ∗ : reduced(F, G)
reduced .left =def ∀F ∈ AS
∗, g ∈ AS : reduced(F, {g})
reduced .right =def ∀f ∈ AS , G ∈ AS
∗ : reduced({f}, G)
reduced .top =def ∀g ∈ AS : reduced(∅, {g})
reduced .bot =def ∀f ∈ AS : reduced({f}, ∅)


















































































































































































































































































































  N  $
A
>
(ASL, SL, PL, TL)
   >GB>
ASL
  L > NCQ BNS
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 oN  $ A >
(ASF , SF , PF , TF )
  >GB>
•
e> NSQ99 BNCG  eN 
ASF
  N/DFG   D   e>
AS
n → AS
 9e  eN
ASF (L1,...,Ln) = ASF (ASL1 , . . . , ASLn) 
•
e> >G: Ne 
SF
  N D   D  e>
Sn → S
 9e  eN






  N DFG   D  e>
P
n → P
 9e  eN




 oN}D   D7  >
Tn → T
qe   N








































































































































































































































































































































































































































































































































































































  *&D N
AJA
i ∈ I
  > eN ﬃ>
S(i) ⊇ T (i)
  
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  bf|f\i\fY W !  W ! #ej8jf jCX8W^jCg
  bf|f\ilY W !  W ! #ej8jf jCX8W^jCg
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f\iSW*dF^ \X jK^?gWY  l8g^`W !  X8_ jCXa
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 l8g^`W !  X_ jCXFa
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^d 9^\aSbCg Ciea`W jS_  fSj8jCX3hiSW i W^jCg

W\Ueigﬀ# iSk^?g |aW jX3_i%`l_Fa8^jCg





if ai # iSk^?g
[ bea  ^Sa^`W i\h Y

dbf ai 	









^Sa\bCg ieaW jS_ Y

dbf ai 	
^`d g jSW  [ebea  F^\a^`W iSh jS_ﬁf 



















































bCg h  f"* ]aW  	 f





bCg h  f"* ]ak  	 f





bCgh  f"* ]\a a`l#Fa	 f * ]8a&#ejSW	
f






bCgh  f"* ]?X a`l#Fa	 f * ]_ i\hCl Ci\h&#ejSW	
f
 ] `X a`l/#a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f"* ]\a CjCg 	 f







f"* ]?X CjCg 	 f







f"* ]\aShF^\a 	 f







f"* ]?XShF^\a 	 f







f"* ]_i\hSl CiSh 	 f







f"* ]L_ i\hSl i\hCW jX	 f
 ]_ iShSl Ci\hCW jCX  	






f"* ]L_ i\hSl i\h #ejCW	 f







f"* ]_ iShSl Ci\hC_^`k\U8W 	 f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∀I : ∀i ∈ ∆I : i ∈ fI ⇒ i ∈ gI ,
∀i′ = (I, i) : i′ |= f ⇒ i′ |= g,





































φ : I ′ → I
ª6yvz{

























 À  WÅ   >G
I = P(Atom ] (Atom × I))
Q>
 > JKL>G FB>GN  @C:RNJ  D
ALC
qNF@ A >G
I ′ = {(I, i) | i ∈ ∆I}














 o@C> 'c>@ Q 
φ((I, i)) = {A ∈ Atom | i ∈ AI}
∪ {(r, j) ∈ Atom × I | ∃i′ ∈ ∆I : (i, i′) ∈ rI ∧ j = φ((I, i′))}.




  @S>(' F>@ Q 





∆I(i) = {i} ∪
⋃
{∆I(j) | (r, j) ∈ i}





















































































  > ﬃ`>G9 D 




i′ |= f ⇐⇒ φ(i′) |= f,
DoN
AJA
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ªCNr¼IN¾ 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{S{
¯
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  ﬀﬀ   

































































































      
	  
	































unit t unit =def unit














   Å3Å  
w=hc
F, G ∈ AS ∗
ªymz{a¦qr~~|k?a¦h
F 6v∗ G
=⇒ ∀f ∈ F, g ∈ G : f 6v g ∧ ∀g ∈ G : > 6v g
=⇒ (F = ∅ ∨G = ∅) ∧G = ∅
¼¢jChPPyvqaih




f∈F M(f) = I ∧
⋃

























































       	
AS
noa!yYaihckv Ay/cfkmgﬀaP¯
















i |= a =def i = a
¯
      
	  
	







































































   Å3Å  




   Å3Å  




   Å3Å  
M(a) ∩M(b) 6= ∅




• csu ∧ cpu










=⇒ {a} ⊆ B =⇒ a ∈ B
=⇒ ∃b ∈ B : a = b =⇒ ∃b ∈ B : a v b





















































        	
AS =def Z
         
  









i |= f =def i = f
       
	  
	

























f 0 g =def f ≤ g






• csv ∧ cpv










































   Å3Å  
w=hc





∀b ∈ B : a 6v b =⇒ ∀b ∈ B : a 6= b





























































        	
AS =def N















i |= f =def i ≥ f
       
	  
	



























f u g =def {min(f, g)}









∀f ∈ N : f ≥ f
=⇒ ∀f ∈ N : ∃i ∈ N : i ≥ f
=⇒ ∀f ∈ AS : ∃i ∈ I : i |= f








f v g =⇒ f ≥ g
=⇒ ∀i ∈ N : i ≥ f ⇒ i ≥ g









   Å3Å  
M(f) ⊆ M(g) =⇒ ∀i ∈ I : i |= f ⇒ i |= g
=⇒ ∀i ∈ N : i ≥ f ⇒ i ≥ g




   Å3Å  
M(>) = M(0) = {i ∈ N | i ≥ 0} = N = I
¯

• csu ∧ cpu
   Å3Å  
M(f u g) = M(max(f, g))
= {i ∈ N | i ≥ max (f, g)}
= {i ∈ N | i ≥ f ∧ i ≥ g}









M(f t g) =
⋃
h∈ftg M(h) = M(max (f, g))
= {i ∈ N | i ≥ min(f, g)}
= {i ∈ N | i ≥ f ∨ i ≥ g}



























∀b1 6= b2 ∈ B : b1 t b2 ⊆ B

=⇒ ∀b1 6= b2 ∈ B : min(b1, b2) ∈ B












b∈B M(b) = M(min(B))
¯
¯




































































   	   	   	 
Σ
 yvzTyvlo~rymj|hEcP¯













































       
	  
	



































f ∈ {< w >, < w, w >, w}
¯
µ³rhEz
< w >∈ I
ª|yvz{








f v g =⇒ ∃u, v ∈ AS : f = u.g.v
=⇒ ∀i ∈ I : i |= f ⇒ ∃u′, v′ ∈ AS : i = u′.f.v′ = u′.u.g.v.v′
=⇒ ∀i ∈ I : i |= f ⇒ i |= g








   Å3Å  





f ∈< Σ∗ >

f ∈ I
=⇒ f |= f ∧ f 6|= g







< f >∈ I
ª|yvz{
< f >|= f
¯
	xk/¤%aiqr~r~CkNaih
< f >|= g
=⇒ ∃u′, v′ ∈ AS :< f >= u′.g.v′
=⇒ ∃u′′, v′′ ∈ AS : f = u′′.g.v′′
=⇒ f v g −→
kmz?cym{bnﬃcfn©kNz3¯
xhEzEh




























i ∈ I =⇒ i = i.. =⇒ i |= 
=⇒ M() = I
¯



































∃ia ∈ I : ∀b ∈ B : ia |= a ∧ ia 6|= b











  ﬀﬀ  
























































































 		   	    	 
L1, L2 ∈ L
l©kNmnEaP¯
 	   
	
AS =def AS1 ] AS2 ] {0}
TELL =def TELL1 ] TELL2
ASK =def ASK 1 ] ASK 2




























 	    	  
 










f, g ∈ AS1
f v2 g
n§ 
































f, g ∈ AS 1
f u2 g
n© 



















f, g ∈ AS 1
f t2 g
n© 










 	   	  	
  
• df ⇐ df 1 ∧ df 2
• st ′ ⇐ st ′1 ∧ st ′2
   Å3Å  
d ∈ TELL =⇒ d ∈ TELL1 ∨ d ∈ TELL2






=⇒ M(d) 6= ∅
¯

• sg ′ ⇐ sg ′1 ∧ sg
′
2






























  f, g ∈ AS1
ymz{
f v1 g




=⇒ M(f) ⊆ M(g)
¯
  f, g ∈ AS2
ymz{
f v2 g




=⇒ M(f) ⊆ M(g)
¯
  f ∈ AS1
ymz{
f v1 ⊥1




=⇒ M(f) = ∅ ⊆ M(g)
¯
  f ∈ AS2
ymz{
f v2 ⊥2




=⇒ M(f) = ∅ ⊆ M(g)
¯
  f = 0






















  f, g ∈ AS1




=⇒ f v g
¯




  f ∈ AS1




=⇒ f v1 ⊥1
=⇒ f v g
¯




  f = 0






• cp′v ⇐ reduced .bot
′
















  d ∈ TELL1, x ∈ ASK 1




=⇒ d v x
¯




  d ∈ TELL1
=⇒ M(d) = ∅ =⇒ M1(d) = ∅




=⇒ d v1 ⊥1 =⇒ d v x
¯













M(⊥) = M(0) = ∅
¯







f, g ∈ AS
ª|aE¯ cP¯





f, g ∈ AS 1

M1(f) uM1(g) 6= ∅














f, g ∈ AS2
An{bhEgT¯
hPzhNªrn©zÁyml©l3PymaihPaPª
def (f u g)
¯

• csu ⇐ csu1 ∧ csu2
   Å3Å  
f u g
na{bhE½zrhO{nozcirh± ¢kNl©lok/¤!nozrPymaihPa 
  f, g ∈ AS1




=⇒ M(f u g) ⊆ M(f) ∩M(g)
¯








M(f u g) = M(0) = ∅ ⊆ M(f) ∩M(g)
¯
hPzhnozÁyvlol3EymaihPaPª
M(f u g) ⊆ M(f) ∩M(g)
¯








  f, g ∈ AS1




=⇒ M(f u g) ⊇ M(f) ∩M(g)
¯








M(f u g) = M(0) = ∅ = I1 ∩ I2 ⊇ M(f) ∩M(g)
¯
hPzhnozÁyvlol3EymaihPaPª
M(f u g) ⊇ M(f) ∩M(g)
¯








  f, g ∈ AS1⋃
h∈ft1g






h∈ftg M(h) ⊆ M(f) ∪M(g)
¯












h∈ftg M(h) ⊆ M(f) ∪M(g)
¯












  f, g ∈ AS1⋃
h∈ft1g






h∈ftg M(h) ⊇ M(f) ∪M(g)
¯












h∈ftg M(h) ⊇ M(f) ∪M(g)
¯

• reduced(F1 ∪ F2, G1 ∪G2) ⇐ reduced1(F1, G1) ∧ reduced2(F2, G2)
reduced .top ⇐ reduced .top1 ∧ reduced .top2
reduced .bot ⇐ reduced .bot1 ∧ reduced .bot2
reduced .bot ′ ⇐ reduced .bot ′1 ∧ reduced .bot ′2
reduced .right ⇐ reduced .right1 ∧ reduced .right2
   Å3Å  































































f1 ∈ F1, f2 ∈ F2
ªLcfrhÁkmzvudqrzﬃcfn©kNz































































 	   	    	 
L1, L2 ∈ L
 -lokmmnEaP¯
    
	
AS =def (AS 1 ×AS 2) ] {0}
TELL =def TELL1 × TELL2
ASK =def ASK 1 ×ASK 2
















(i1, i2) |= f =def f = (f1, f2) ∧ i1 |=1 f1 ∧ i2 |= f2
¯
     	  
 









f = (f1, f2) ∧ (f1 v1 ⊥1 ∨ f2 v2 ⊥2)




























f = 0 ∨ g = 0
(f1 u1 g1, f2 u2 g2)
n© 



















{(f1, f2), (g1, g2)}
n© 
f = (f1, f2) ∧ g = (g1, g2)
∪{(f1 u1 g1, h2) | def (f1 u1 g1), h2 ∈ f2 t2 g2}





    	  	
  
• df ⇐ ∀i ∈ {1, 2} : df i
• st ′ ⇐ ∀i ∈ {1, 2} : st ′i
   Å3Å  
∀i ∈ {1, 2} : st ′i =⇒ ∀i ∈ {1, 2} : ∀di ∈ TELLi : Mi(di) 6= ∅




• sg ′ ⇐ ∀i ∈ {1, 2} : sg ′i
   Å3Å  
d ∈ TELL =⇒ d = (d1, d2) ∧ d1 ∈ TELL1 ∧ d2 ∈ TELL2






=⇒ Card (M1(d1)×M2(d2)) = 1
=⇒ Card (M(d)) = 1
¯


















f = (f1, f2) ∧ f1 v1 ⊥1








=⇒ M1(f1)×M2(f2) = ∅
=⇒ M((f1, f2)) = ∅
=⇒ M((f1, f2)) ⊆ M((g1, g2)










f = (f1, f2) ∧ g = (g1, g2) ∧ f1 v1 g1 ∧ f2 v2 g2

∀i ∈ {1, 2} : csvi(fi, gi)
=⇒ ∀i ∈ {1, 2} : fi vi gi ⇒ Mi(fi) ⊆ Mi(gi)
=⇒ ∀i ∈ {1, 2} : fi vi gi ⇒ M1(f1)×M2(f2) ⊆ M1(g1)×M2(g2)
=⇒ (f1, f2) v (g1, g2) ⇒ M((f1, f2)) ⊆ M((g1, g2))






• cpv(f, g) ⇐ ∀i ∈ {1, 2} : cpvi(fi, gi) ∧ reduced .bot i
cpv ⇐ ∀i ∈ {1, 2} : cpvi ∧ reduced .bot i
cp′v ⇐ ∀i ∈ {1, 2} : cp
′



















=⇒ f = 0 ∨ (f = (f1, f2) ∧ (M1(f1) = ∅ ∨M2(f2) = ∅))
=⇒ f = 0 ∨ (f = (f1, f2) ∧ ({f1} v
∗




reduced .bot1, reduced .bot2
¾
=⇒ f = 0 ∨ (f = (f1, f2) ∧ f1 v1 ⊥1 ∨ f2 v2 ⊥2)







=⇒ f = (f1, f2) ∧ g = (g1, g2) ∧M((f1, f2)) ⊆ M((g1, g2))
=⇒ f = (f1, f2) ∧ g = (g1, g2) ∧M1(f1)×M2(f2) ⊆ M1(g1)×M2(g2)
=⇒ f = (f1, f2) ∧ g = (g1, g2) ∧M1(f1) ⊆ M1(g1) ∧M2(f2) ⊆ M2(g2)
=⇒ f = (f1, f2) ∧ g = (g1, g2) ∧ f1 v1 g1 ∧ f2 v g2
¼
∀i ∈ {1, 2} : cpvi(fi, gi)
¾











M(>) = M((>1,>2)) = M1(>1)×M2(>2)












M(⊥) = M(0) = ∅
¯






  f = 0

=⇒ M(f) = ∅ =⇒ M(g) ⊆ M(f) ∪M(g)
=⇒
⋃
h∈ftg M(h) ⊆ M(f) ∪M(g)
¯
  g = 0
An{bhEgT¯
  f = (f1, f2), g = (g1, g2), h ∈ f t g

∗ h = f

M(f) ⊆ M(f) ∪M(g)
∗ h = g

M(g) ⊆ M(f) ∪M(g)













=⇒ ∀h2 ∈ f2 t2 g2 : M2(h2) ⊆ M2(f2) ∪M2(g2)
¼Um¾
M1(f1 u1 g1) ⊆ M1(f1) ∩M1(g1) (csu1)
	xk/¤ª
M(h) = M((f1 u1 g1, h2)) = M1(f1 u1 g1)×M2(h2)
=⇒ M(h) = M1(f1 u1 g1)× ((M2(h2) ∩M2(f2)) ∪ (M2(h2) ∩M2(g2)))
¼¦O¾





=⇒ M(h) ⊆ M1(f1)×M2(f2) ∪M1(g1)×M2(g2)
¼Im¾
=⇒ M(h) ⊆ M(f) ∪M(g)




def(f2 u2 g2), h1 ∈ f1 t1 g1
An{bhEg
^bkª
∀h ∈ f t g : M(h) ⊆ M(f) ∪M(g)
=⇒
⋃




   Å3Å  
  f = 0

=⇒ M(f) = ∅ =⇒ M(g) ⊇ M(f) ∪M(g)
=⇒
⋃
h∈ftg M(h) ⊇ M(f) ∪M(g)
¯
  g = 0
An{bhEgT¯
  f = (f1, f2), g = (g1, g2)

{f, g} ⊆ f t g =⇒
⋃
h∈ftg M(h) ⊇ M(f) ∪M(g)
¯






M(f) ∩M(g) 6= ∅
=⇒ M(f) 6= ∅ ∧M(g) 6= ∅
=⇒ f = (f1, f2) ∧ g = (g1, g2)
=⇒ (M1(f1)×M2(f2)) ∩ (M1(g1)×M2(g2)) 6= ∅
=⇒ (M1(f1) ∩M1(g1))× (M2(f2) ∩M2(g2)) 6= ∅
=⇒ M1(f1) ∩M1(g1) 6= ∅ ∧M2(f2) ∩M2(g2) 6= ∅




=⇒ def (f u g)
¯






  f = 0

M(f u g) = M(0) = ∅ ⊆ M(f) ∩M(g)
¯
  g = 0
An{bhEgT¯
  f = (f1, f2) ∧ g = (g1, g2)

M((f1, f2) u (g1, g2)) = M((f1 u1 g1, f2 u2 g2))
= M1(f1 u1 g1)×M2(f2 u2 g2)













• cpu ⇐ ∀i ∈ {1, 2} : cpui
   Å3Å  
  f = 0

M(f u g) = M(0) = ∅ ⊇ M(f) ∩M(g)
¯
  g = 0
An{bhEgT¯
  f = (f1, f2) ∧ g = (g1, g2)

M((f1, f2) u (g1, g2)) = M((f1 u1 g1, f2 u2 g2))
= M1(f1 u1 g1)×M2(f2 u2 g2)








• reduced .bot ⇐ ∀i ∈ {1, 2} : reduced .bot i































=⇒ f1 v1 ⊥1 =⇒ f v ⊥





















































∃hi ∈ tiGi : >i vi hi




Mi(fi) ⊆ ∅ (cs⊥i)
∃hi ∈ tiGi : Ii ⊆ Mi(hi) (cp>i)





=⇒ ∃hi ∈ tiGi : Mi(fi) ⊆ Mi(hi)












Mi(gi) ⇒ Mi(fi) ⊆ Mi([tiGi]).
¼ ¡¯oO¾
^`hPEkmz{rl©_Nª3l©hEc
















G = {G′ ⊆ G | ∃c ∈ Max (γK(M1(f1))) : (g′1, g
′
2) ∈ G
′ ⇔ g′1 ∈ int(c)}
¯
µ³rhEzT¤6h±kmjbcyvnoz































































































∗ f = 0

nozcirnaPymaih
f v ⊥ =⇒ {f} v∗ G
¯
∗ f = (f1, f2)

=⇒ M1(f1)×M2(f2) = ∅












reduced .right1, reduced .right2
¾
=⇒ f = (f1, f2) ∧ (f1 v1 ⊥1 ∨ f2 v2 ⊥2)







=⇒ f = (f1, f2) ∧M1(f1)×M2(f2) 6= ∅









=⇒ ∀i1, i2 : i1 ∈ M1(f1) ∧ i2 ∈ M2(f2) ⇒ ∃(g1, g2) ∈ G : i1 ∈ M1(g1) ∧ i2 ∈
M2(g2)














G : i1 ∈ M1(g1) ∧ i2 ∈ M2(g2)






























=⇒ ∀G′ ∈ G : ∀i2 : i2 ∈ M2(f2) ⇒ ∃g′2 ∈ G
′
2 : i2 ∈ M2(g
′
2)
































x2 = uG′∈G [t2G
′











x1 = [tG′∈G u1 G
′
1] ∧M1(f1) ⊆ M1(x1).
¼ ¡¯ w?¾























ª´h¹`cfhEz{bhO{ yNa n©z:¼ ¡¯oO¾ª¤hyG«Nh
H ⊆ tG
ªyvz{
(x1, x2) ∈ tH
¯ hPzh
(x1, x2) ∈ tG
=⇒ ∃x ∈ tG : M(f) ⊆ M(x)








































































































































































      	  
 













     	  	
  
• df ⇐ df E





E ∈ TELL =⇒ ∀e ∈ E : e ∈ TELLE






=⇒ ∃i ∈ I : ∃ρ ∈ E ↪→ i : ∀e ∈ E : ρ(e) |=E e
=⇒ ∃i ∈ I : i |= E
¯

• csv(E, F ) ⇐ ∀e ∈ E, f ∈ F : csvE (e, f)
csv ⇐ csvE
   Å3Å  
E v F −→ ∃ρ ∈ F ↪→ E : ∀f ∈ F : ρ(f) vE f
¯
i |= E =⇒ ∃ρ′ ∈ E ↪→ i : ∀e ∈ E : ρ′(e) |=E e
=⇒ ∃ρ′ ∈ E ↪→ i : ∀f ∈ F : ρ′(ρ(f)) |=E ρ(f) vE f
?_`~CkvcfrhPainoa
=⇒ ∃ρ′′ = ρ ◦ ρ′ ∈ F ↪→ i : ∀f ∈ F : ρ′(ρ(f)) |=E f ∀e ∈ E, f ∈ F : csvE (e, f)
=⇒ ∃ρ′′ ∈ F ↪→ i : ∀f ∈ F : ρ′′(f) |=E f
=⇒ i |= F
¯
hPzh
M(E) ⊆ M(F )
¯























=⇒ ∀ρ ∈ F ↪→ E : ∃f ∈ F : ρ(f) 6vE f
=⇒ ∀ρ ∈ F ↪→ E : ∃f ∈ F : ME(ρ(f)) 6⊆ ME(f)
¯







∀e ∈ E : ρ′(e) = choice(ME(e))
¯ ¼










=⇒ ∃ρ′ ∈ E ↪→ i : ∀e ∈ E : ρ′(e) |=E e
=⇒ i |= E
¯
	k/¤ªblohc
ρ′′ ∈ F ↪→ i
=⇒ ∃ρ ∈ F ↪→ E : ρ′′ = ρ ◦ ρ′ ρ′
na!yYjrn udhOﬃcfn©kNz
=⇒ ∃ρ ∈ F ↪→ E : ρ′′ = ρ ◦ ρ′, ∃f ∈ F : ME(ρ(f)) 6⊆ ME(f)
`_`~CkvcihPainoa
=⇒ ...∃f ∈ F : ρ′(ρ(f)) /∈ ME(f)
`_`~CkvcihPainoa
=⇒ ...∃f ∈ F : ρ′′(f) 6|=E f
=⇒ ∃f ∈ F : ρ′′(f) 6|=E f
¯
hPzh
∀ρ′′ ∈ F ↪→ i : ∃f ∈ F : ρ′′(f) 6|=E f










































































































































































































  ﬀﬀ   

















































 		   	    	 
X ∈ L
 cfrhl©kNmn¡cikY¤!rnycfkm~noa³cfkYj|hyN{r{bhP{3¯
 	   
	
AS =def ASX ] {1}
TELL =def TELLX
ASK =def ASKX ] {1}
























 	    	  
 













f = 1 ∧ g ∈ ASX
f vX g
n© 

















































f = 1 ∨ g = 1
f tX g
n§ 






 	   	  	
  
• df ⇐ df X
• st ′ ⇐ st ′X
   Å3Å  
d ∈ TELL =⇒ d ∈ TELLX




=⇒ M(d) 6= ∅
¯

• sg ′ ⇐ sg ′X
   Å3Å  




=⇒ Card (M(d)) = 1
¯



































f, g ∈ ASX , f vX g




























f = 1, g ∈ ASX




















f, g ∈ ASX

=⇒ MX(f) ⊆ MX(g)










• cp′v ⇐ cp
′
vX
   Å3Å  
w=hc














d ∈ TELLX , x ∈ ASKX

=⇒ MX(d) ⊆ MX(x)















M(>) = M(1) = I
¯






























f, g ∈ ASX
=⇒ MX(f) ∩MX(g) 6= ∅




=⇒ def (f u g)
¯

• csu ⇐ csuX
• cpu ⇐ cpuX
• cst ⇐ cstX






• reduced(F, G) ⇐ 1 ∈ G ∨ (1 /∈ G ∧ reducedX (F \ {1}, G))
reduced ⇐ reducedX
reduced .bot ⇐ reduced .botX
reduced .bot ′ ⇐ reduced .bot ′X
reduced .top ⇐ reduced .topX
reduced ′ ⇐ reduced ′X









=⇒ ∃g ∈ G : > v g















=⇒ F \ {1} v∗X G
¼
reducedX(F \ {1}, G)
¾


































































    
	
AS =def ASV ×ASV
ASK =def ASKV ×ASK V












































i |= (a, b) =def ∃ia ∈ MV (a), ib ∈ MV (b) : ia ≤V i ≤V ib
     	  
 





(a1, b1) v (a2, b2) =def a2 6V a1 ∧ b1 0V b2
    	  	
  
• df ⇐ df V
• st ⇐ stV ∧ cs6V ∧ cs0V





(a, b) ∈ AS =⇒ a, b ∈ ASV ∧ (a 6V b ∨ a 0V b)



















=⇒ ∃ib ∈ MV (b), ia ∈ MV (a) : ia ≤V ib
¼
MV (b) 6= ∅
¾











=⇒ ∃ia ∈ MV (a), ib ∈ MV (b) : ia ≤V ib
¼
MV (a) 6= ∅
¾
=⇒ ∃i ∈ M((a, b)) =⇒ M((a, b)) 6= ∅
¯

• sg ′ ⇐ sg ′V
   Å3Å  
w=hc








i |= (d, d)
=⇒ ∃ia, ib ∈ MV (d) : ia ≤V i ≤V ib










=⇒ i = id
¯
hPzh
M((d, d)) = MV (d) = {id}
¯






(a1, b1) v (a2, b2)
=⇒ a2 6 a1 ∧ b1 0 b2









i |= (a1, b1)
=⇒ ∃i1 ∈ MV (a1) : i1 ≤ i
∧∃i1 ∈ MV (b1) : i ≤ i1
=⇒ ∃i1 ∈ MV (a1), i2 ∈ MV (a2) : i2 ≤ i1 ≤ i
∧∃i1 ∈ MV (b1), i2 ∈ MV (b2) : i ≤ i1 ≤ i2
=⇒ ∃i2 ∈ MV (a2) : i2 ≤ i ∧ ∃i2 ∈ MV (b2) : i ≤ i2
=⇒ i |= (a2, b2)
¯
hPzh
M((a1, b1)) ⊆ M((a2, b2))
¯






M((a1, b1)) ⊆ M((a2, b2))
=⇒ ∀i ∈ I : i |= (a1, b1) ⇒ i |= (a2, b2)
=⇒ ∀i ∈ I : (∃ia ∈ MV (a1) : ib ∈ MV (b1) : ia ≤ i ≤ ib)
⇒ (∃ia ∈ MV (a2) : ib ∈ MV (b2) : ia ≤ i ≤ ib)
=⇒ ∀i ∈ MV (a1) : (∃ia ∈ MV (a1), ib ∈ MV (b1) : ia ≤ i ≤ ib) ⇒ ∃i2 ∈ MV (a2) : i2 ≤ i
µ³rhEzÁrk`k?a¦h







=⇒ ∀i1 ∈ MV (a1) : ∃i2 ∈ MV (a2) : i2 ≤ i1













∀i1 ∈ MV (b1) : ∃i2 ∈ MV (b2) : i1 ≤ i2














































































  	   	    	 
X ∈ L
 ylokmmn²kv «Gyml©qhPaP¯
       
  
Å /Æ À  (  





i, j ∈ IX ∧ i ≤X j



































f, g ∈ ASX ∧ f 0X g
    	  	
  






























∗ f = −∞

∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j
¼
i = −∞, j = +∞
¾
∗ f = +∞

∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j
¼
i = j = +∞
¾
∗ f ∈ ASX





=⇒ ∃i ∈ M(f) : i ≤ +∞





f, g ∈ ASX ∧ f 6X g










∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j
¯

• cp6 ⇐ cp6X ∧ stX






f = 0 ∧ g 6= 0

∗ g = −∞

M(g) 6= ∅
∗ g = +∞

M(g) 6= ∅
∗ g ∈ ASX














f = +∞∧ g = −∞





f = +∞∧ g ∈ ASX





=⇒ ∃j ∈ M(g) : +∞ 6≤ j





f ∈ ASX ∧ g = −∞

=⇒ ∀i ∈ M(f) : i 6≤ −∞





f, g ∈ ASX ∧ f 6 X g










¬∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j
¯
































∗ g = +∞

∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j
¼
i = −∞, j = +∞
¾
∗ g = −∞

∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j
¼
i = j = −∞
¾
∗ g ∈ ASX





=⇒ ∃j ∈ M(g) : −∞ ≤ j





f, g ∈ ASX ∧ f 0X g










∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j
¯











f 6= 0 ∧ g = 0

∗ f = −∞

M(f) 6= ∅
∗ f = +∞

M(f) 6= ∅
∗ f ∈ ASX














f = +∞∧ g = −∞





f ∈ ASX ∧ g = −∞





=⇒ ∃i ∈ M(f) : i 6≤ −∞





f = +∞∧ g ∈ ASX

=⇒ ∀j ∈ M(g) : +∞ 6≤ j





f, g ∈ ASX ∧ f 60X g











































































































































i |= a =def i |=A a
i |= 1 =def true
i |= 0 =def false
i |= ¬f =def i 6|= f
i |= f ∧ g =def i |= f
ymz{
i |= g




      	  
 




















































































































qrloh a uA b, ∆ ` Γ






qrloh ¬(a tA b), ∆ ` Γ




qrloh ∆ ` X, Γ





qrl©h  L, ∆ ` Γ




ql©h  ∆ ` β1, . . . , βn, Γ
∆ ` β, Γ α
¬
}
qrl©h  ∆ ` α1, Γ . . . ∆ ` αn, Γ











































 >&>  B>9
Trees(∆ ` Γ)






 e>@  B>>















 @C>GFL>@ Q 
open(t)
  *J eNJe
N| e> G>  e>Ge LF>>9GN  N
A




∃A, B `∈ t :
open(A, B)

• df ⇐ df A









a vA b =⇒ MA(a) ⊆ MA(b) csvA
































































∃X ∈ Γ : i |= X =⇒
cirhaihPp?qrhPzNc





∃L ∈ ∆ : i 6|= L =⇒
cirhaihPp?qrhPzNc





i 6|= a uA b =⇒ i /∈ M(a uA b) =⇒ i /∈ MA(a uA b)




=⇒ i /∈ MA(a) =⇒ i /∈ M(a) =⇒ i 6|= a
=⇒
cirhaihPp?qrhPzNc





















∃X ∈ Γ : i |= X =⇒
cirhaihPp?qrhPzNc





∃L ∈ ∆ : i 6|= L =⇒
cirhaihPp?qrhPzNc





∃c ∈ a tA b : i 6|= ¬c
=⇒ ∃c ∈ a tA b : i |= c
=⇒ ∃c ∈ a tA b : i ∈ M(c)









=⇒ i 6|= ¬a ∨ i 6|= ¬b






















































γ∈{¬f∨g}M(γ) =⇒ M(¬f ∨ g) = I








• cpv(f, g) ⇐ csuA ∧ cptA∧
∀t ∈ Trees(` ¬f ∨ g) :















































































m(α) = 1 + m(α1) + m(α2)
ª
m(¬¬X) = 1 + m(X)
ª
































































































«mhOa·zkmzb¬Î«/yvlono{bn©cd_m¯ w3hEc qa ymafaiqrgYh%cfy/c
a uA b, ∆ ` Γ
noazrkvc!«/yvlono{3¯
µ³hEz
∃i ∈ I : (i |= a uA b
ymz{
∀L ∈ ∆ : i |= L
ymz{
∀X ∈ Γ : i 6|= X)




∀L ∈ ∆ : i |= L
yvz{
∀X ∈ Γ : i 6|= X csuA
=⇒
cfrhaihPp?qrhEz?c













«mhOa·zkmzb¬Î«/yvlono{bn©cd_m¯ w3hEc qa ymafaiqrgYh%cfy/c
¬(a tA b), ∆ ` Γ
noazrkvc!«/yvlono{3¯
µ³hEz
∃i ∈ I : (∀c ∈ a tA b : i |= ¬c, ∀L ∈ ∆ : i |= L, ∀X ∈ Γ : i 6|= X)
=⇒ ∃i ∈ I : ∀c ∈ a tA b : i 6|= c
=⇒ ∃i ∈ I :6 ∃c ∈ a tA b : i |= c








=⇒ ∃i ∈ I : i |= ¬a, i |= ¬b







































` ¬f ∨ g




=⇒ M(f) ⊆ M(g) csv






∀t ∈ Trees(` ¬f ∨ g) : open(t)




















































• cpv ⇐ csuA ∧ cptA ∧ reducedA








• cp′v ⇐ csuA ∧ cptA ∧ reduced
′
A
   Å3Å  
w=hc
f ∈ TELL, g ∈ ASK
ymz{



























































∀A, B `∈ t : (∃a ∈ A : a = ⊥A ∨ a ∈ TELLA) ∧ (∀a ∈ A : a ∈
TELLA ∪ ASKA ∪ {⊥A}) ∧ (∀b ∈ B : b ∈ ASK A)




=⇒ open(t) ⇒ ∃A, B `∈ t : openA(A, B) ∧ reducedA(A, B)








• def u ∧ csu ∧ cpu
• def t ∧ cst ∧ cpt
• def > ∧ cp>
• def ⊥ ∧ cs⊥
• reduced(F, G) ⇐ ∀f ∈ F, g ∈ G : cpv(f, g)
reduced ⇐ cpv




















































  ﬀﬀ   












































































































i |= f =def ∃iE ∈ i : i |=E f
¯
 
	    	  
	
































f t g =def f tE g
¯
 
	   	  	 
  
• df ⇐ df E
• st(f) ⇐ stE(f)
st ⇐ stE





stE(f) =⇒ ME(f) 6= ∅
=⇒ ∃iE ∈ IE : iE |=E f
=⇒ ∃i = {iE} ∈ I : i |= f








• csv ⇐ csvE
   Å3Å  
f v g =⇒ f vE g




=⇒ ∀iE : iE |=E f ⇒ iE |=E g
=⇒ ∀i ∈ I : (∃iE ∈ i : iE |=E f) ⇒ (∃iE ∈ i : iE |=E g)
=⇒ ∀i ∈ I : i |= f ⇒ i |= g
=⇒ M(f) ⊆ M(g)
¯

• cpv ⇐ cpvE
   Å3Å  
M(f) ⊆ M(g) =⇒ ∀i ∈ I : i |= f ⇒ i |= g
=⇒ ∀i ∈ I : (∃iE ∈ i : iE |=E f) ⇒ (∃iE ∈ I : iE |=E g)
=⇒ ∀{iE} ∈ I : iE |=E f ⇒ iE |=E g




=⇒ f v g
¯










=⇒ ∀iE ∈ IE : iE |=E >E
=⇒ ∀i ∈ I : ∃iE ∈ i : iE |=E >E
=⇒ ∀i ∈ I : i |= >E
=⇒ M(>) = M(>E) = I
¯










=⇒ ∀iE ∈ IE : iE 6|=E ⊥E
=⇒ ∀i ∈ I : ∀iE ∈ i : iE 6|=E ⊥E
=⇒ ∀i ∈ I : i 6|= >E











f, g ∈ AS








=⇒ ∀iE ∈ IE : (∃h ∈ f tE g : iE |=E h) ⇒ iE |=E f ∨ iE |=E g
=⇒ ∀i ∈ I : (∃iE ∈ i, h ∈ f tE g : iE |=E h) ⇒ (∃iE ∈ i : iE |=E f ∨ iE |=E g)






=⇒ ∀i ∈ I : (∃h ∈ f t g : i |= h) ⇒ i |= f ∨ i |= g
=⇒
⋃
h∈ftg M(h) ⊆ M(f) ∪M(g)
¯

• cpt ⇐ cptE


























• reduced(F, G) ⇐ ∀f ∈ F : reducedE({f}, G)
reduced ⇐ reduced .right
reduced ′ ⇐ reduced .right




g∈G M(g) ∧ closedt(G)
=⇒ closedtE (G)
yvz{
∀i ∈ I : (∀f ∈ F : i |= f) ⇒ (∃g ∈ G : i |= g)
=⇒ ∀i ∈ I : (∀f ∈ F : ∃iE ∈ i : iE |=E f) ⇒ (∃g ∈ G : ∃iE ∈ i : iE |=E g)





∀f ∈ F : ME(f) 6⊆
⋃
g∈G ME(g)






























∃f ∈ F : ME(f) ⊆
⋃
g∈G ME(g)





  def (⊥E) ∧ f vE ⊥E =⇒ def (⊥) ∧ f v ⊥ =⇒ F v∗ G)
  ∃g ∈ G : def (>E) ∧ >E vE g =⇒ ∃g ∈ G : def (>) ∧ > v g =⇒ F v∗ G





























































    	
AS =def ASX ] {0}.
TELL =def TELLX .
ASK =def ASKX .
 























    	  
	




















































f ∈ TELL ∧ g ∈ ASK ∧ f 6v g
0
n§ 
g ∈ TELL ∧ f ∈ ASK ∧ g 6v f
f uX g
n§ 






   	  	 
  
• df ⇐ df X
• st ′ ⇐ st ′X
   Å3Å  




=⇒ M(d) 6= ∅
¯

• sg ′ ⇐ sg ′X
   Å3Å  




=⇒ Card (M(d)) = 1
¯

• csv ⇐ csvX
   Å3Å  
w=hc






















=⇒ M(f) ⊆ M(g)
¯














d ∈ TELLX , x ∈ ASKX
ª
MX(d) ⊆ MX(x)




=⇒ d v x
¯


















M(⊥) = M(0) = ∅
¯







f, g ∈ AS
ªLaP¯ cO¯








f, g ∈ ASX
ªyvz{
MX(f) ∩MX(g) 6= ∅












• csu ⇐ csuX
   Å3Å  
w=hc








  g = 0
An{bhEgTª
  f ∈ TELL, g ∈ ASK , f 6v g
Ano{rhEgTª
  f ∈ ASK , g ∈ TELL, g 6v f
Ano{rhEgTª
  f, g ∈ ASX





=⇒ M(f uX g) ⊆ M(f) ∩M(g)
¯






   Å3Å  
w=hc




  f = 0

M(f) = M(0) = ∅ =⇒ M(f) ∩M(g) = ∅
ª
  g = 0
An{bhEgTª
  f ∈ TELL, g ∈ ASK , f 6v g

f ∈ TELLX , g ∈ ASKX , f 6vX g








=⇒ M(f) ∩M(g) = ∅
ª
  f ∈ ASK , g ∈ TELL, g 6v f
Ano{rhEgTª
  f, g ∈ ASX





=⇒ M(f uX g) ⊇ M(f) ∩M(g)
¯

• reduced ′ ⇐ df X ∧ sg
′















F ⊆ TELL ∪ ASK ∪ {⊥}
ª









⊥ = 0 ∈ F










F ⊆ TELL ∪ASK = TELLX ∪ ASKX = ASKX
ª




=⇒ ∀f ∈ F : d vX f ∨ d 6vX f
=⇒ ∀f ∈ F : d v f ∨ (d ∈ TELLX ∧ f ∈ ASKX ∧ d 6vX f)
=⇒ ∀f ∈ F : d v f ∨ def (d u f)


























=⇒ ∃g ∈ G : g ∈ ASK X , id ∈ MX(g)
=⇒ ∃d ∈ F, g ∈ G : d ∈ TELLX , g ∈ ASK X , MX(d) ⊆ MX(g)




=⇒ ∃d ∈ F, g ∈ G : d v g

































































     	
AS → ASX | [ASX ]
TELL → [TELLX ]









































i |= f =def i ⊆ MX(f), M(f) =def 2MX(f)
i |= [f ] =def i = MX(f), M([f ]) =def {MX(f)}
 
     	  
	






f f vX g
 Wyvlaih



































• csv ⇐ csvX
   Å3Å  
w=hc







f, g ∈ ASX

f vX g









f = [f ′] ∈ [ASX ], g ∈ ASX

f ′ vX g









f = [f ′], g = [g′] ∈ [ASX ]

f ′ ≡X g′ =⇒ f ′ vX g′ ∧ g′ v f ′




=⇒ MX(f ′) = MX(g′) =⇒ M(f) = M(g)
¯

































x = [x′] ∈ [TELLX ], x′ ∈ TELLX

{MX(d′)} ⊆ {MX(x′)}
=⇒ MX(d′) ⊆ MX(x′) ∧MX(x′) ⊆ MX(d′)
=⇒ d′ vX x′ ∧ x′ vX d′
¼




=⇒ d′ ≡X x′ =⇒ d v x
¯

































































     	
AS =def ASX ∪ (N×ASX)
TELL =def N× TELLX





∀(n, f), (m, g) ∈ AS : n = m ⇒ f = g.
 
















(m, i) |= f =def i |=X f , M(f) =def N×MX(f)
(m, i) |= (n, f) =def m = n ∧ i |=X f, M((n, f)) =def {n} ×MX(f)
 
     	  
	





v g (m, g)
f f vX g
 Wymloaih





















    	  	 
  
• df
• st ⇐ stX
• st ′ ⇐ st ′X
• sg ′ ⇐ sg ′X
   Å3Å  
w=hc
(n, f) ∈ TELL
¯
M((n, d)) = {n} ×MX(d)
=⇒ Card (M((n, d)) = Card (MX(d)) = 1
¯!¼
d ∈ TELLX , sg ′X
¾

• csv ⇐ csvX
   Å3Å  
w=hc







f, g ∈ ASX

f vX g









f = (n, f ′) ∈ N×ASX , g ∈ ASX

f ′ vX g









f = (n, f ′), g = (m, g′) ∈ N×ASX









=⇒ M(f) = M(g)
¯























{n} ×MX(d′) ⊆ N×MX(x)
=⇒ MX(d










x = (m, x′) ∈ N× TELLX , x′ ∈ TELLX

{n} ×MX(d′) ⊆ {m} ×MX(x′)
=⇒ n = m ∧MX(d
′) ⊆ MX(x
′)
=⇒ d v x
¯


















• cs⊥ ⇐ cs⊥X
   Å3Å  
























































+ %(' %(' 
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